& (3 Extreme Values
'De_ﬁv\rtion (3.1
Let f-.’b—-»‘lk be a function where DR and let deD.
a) l-j Fe « f@ (FE = f@) jfw al 2eD.
“dhen f s Said +to have a %lo\oal / an absclite  maximuam  (minimum ) at & .
b) l-j there exists >0 such that -j(-ﬂ s -j(a) (-f(a) > -g(a)) -jor al 2eB A nD,

“dhen f is said *to have a local maximum (minimum ) _at & .

>
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befln\'&iov\ 13.2

A poivt @ 1s sad o be a sc:aaonma Fom f vfcmrs.

FP\"b?osi"Eion (3.1

Let D be an spen subset in K . let deD and let JE-.D-»R be a dfferertiable  function.
lf f atktains a local maximum o minimum at @, then vfcm@ ,ie. & is a sh:rtlov\ana point.
prosf

K s eggu‘-valewt o show ﬁ-}(w-o 'fov- all i=t,2.--n .

Since f attams a local wmaximum or minimum at @ .

in_particular -§ attavs a local maximum o minimuam at @ along the = -civection .

“Then , Bf-_czt) co Follows -frbm s‘-nﬁle variable caleulus.

E.xaw\?\e 12.1 -f(x,o) =
y

2= 'j(x.na\ = 7:'+'Zl§' " 'f(o,ta) =).c§
We have Vf—(x.\a) = Q. L"‘Q‘ .

Vf(x.tah o If and ovx\\a r§ xey=0.
Note. “that 'j(x.xa‘) = 1‘-!-').13" 20 = f(e.e) ,

So f has at  local (in -fac(: a %loba.l) minimumn gt (0, 0) .




However, the covverse cf 'F\rchs\t«on 2.1 s NST true.

E.xawsF\e 13.2

2= 'j(v..-.é\ z "'3"1!31 ©,0) s a -—\ ~_ v/ '
Saddle 'Foivvﬁ. L '

We lhave Vf(x,ta) =z (11.-4&6)
V‘j‘(i.\a)f-o 'rf and ovxl\a r§ '1-.car.o.

Howeveyr , f B nst \/\av‘w\g_ O Waximum  oc  minimum _at (0,0) .
Think . f(x,o) =% 2 0= f(o.o) while -j(o,la) - -}.;3" <0 =-§(o,o) .

’Deflv\\fiov\ 3.2
A sbaﬂomoma ‘Fvowd: s sad 'ba‘oeasaddle?emt :f te does nctswe vise to an exbtreme value.

Second Dervative.  Checdk ‘?:r Two Vaviables
Question - lf %&(a.,a,.) 2 -%(a..,a,) o, how “*o determine  whether f has  a  maximuwm
or minimum (or even a saddle peint) ?
Assume. that fouyp ad s flvs'(: and second partial_derwatives are. cortinuous on an
open disk centeved at @:(a,.a). Then on -that open disk, we have

)

Feoip ~Prciop = @ + I @2 + L 2R HED A
> Sxéna

7 %.%;

étg 3%

@) + £ (22 Hab - where  He =

Theorem 1.2 (Second Devivative Test)

Suﬂ»se “that fc-x.xa) ad T fivs*: and second partial deriuatives are. cortinueus on an
open disk centeced ak @:la.a) , and Hhat %cah_g%cm-o _Then.

D det(H@N >0 and @ <o, 4hen ¥ has a local madmon ot 2 .

D # det(H@ >0 ad @ >0, then § has a local winimum at 2 .

D B det(H@ <o . then § has a saddle poick ot 2.

4) lf det(H@) =o , then there is NO conclusion.




Fact - H@ 8 a samme'tﬁc matrix , So there edsts an wﬂr\o%om\ mabrix Qe M(R),
(ie. @ -A@=1) such -that
-\ 7\| o
QH@A =D = [0 M]
where A, A, are e.iaeunVa\uzs of He .

Also , note hat A'=Q", so HR - ADA - ADA

Then. f) o fab + £ 2-2) Ha @
- f@ + L) Apaan
- $@ + 4L WDT where =[] Q-
=f<a) + L A+ LA
We ‘:ev-fcm\ a dr\avx%e of coordinates —fv-owx Gy o (a), then we can see what we
need +to kwnow i -the Signs cj “Hrose e.l%e\r\\mlv\es.
Mand A, are  solution of the Q%Adtion det(H@ -21)= 0

-é,cq‘,o.,) A =0 (@,.a)

éj}? (a..a,) %;‘:.(Qs Q) =\
(-é @Q,.0,) +€i;(a‘ an) A + éfs(Zt) 3‘5(‘&) ('réég (zt)) (o}

»- (—é @,.0,) +-§£;(o.. an) A + det(H@) =0
Dt Aa = %(a.,a.,) +-§,§,(o...aﬂ A = det (K@)

=0

. l-j- det(H@) = AN <o, then A and Ay have cFPcs'rEe. Sign (saddle poink)
. tf det(H@) = AN, >0 , then A and N, have same Sign
. det(Ha) - é(ﬁ)%i(a) (}mé‘3 @) >0 = -é(‘d)';a(a) >0
lf §(3)>o “ren -g-x(a)>o as well . Then A+A.= -ézca‘ a,)+§-<a @) >0
A A >0 (miniwum)
3l é(ﬁ)<o ren %;(a)m as well . Then %.+h=-§(q‘,%)+%,m‘.a;3<o
A Ada< 0 (wmaximum)
. |§ det(H@) = AN =0, then at least one of A ad M\ =0
We have to lock at hi%\f\e\“ order terws  (No  conclusion)



E.xq»mv\e 1233

lf V‘f(-x,‘a)=o {3£-3:a=o {
>

3\3‘-31=0

(x.cah(o,o) or (x.cah(l,l)

Then . l:-a 'Fu\'&mg x::;_—_m-u-

= (L

f(u,v) (Fu+t
I WP S P B - N
-duadvie bRy
~_%_u\1+—§-_v= arcuwd (o.0)

Reeall : lf %-fw is def‘v\ed on [a,bl

Note : To -fw\d %lo\ml extreme values .
o‘f the dowmain !

Let ‘s(i,la) = xs-ug-bua . Then, Vf(-x,ca) = (311-513 . 5\5-51)

x‘ug
S

H(x,ta)= n ) Rl
S '§i" -3 6
P 3 )
-3
det (Heo. o)) = © =-9<o -f hos a saddle Fu‘m& at (0,0).
-3 o
6 -3
detc (Hu, 1) = =23 >0 and %u,\né»o <% los a minimum pointat (L0,
-3 b
Further exercise. :
- P U T
Hco,o)=[ 3]. Let Q=[J= a].
5 o £ &
Sk < T =\ -3 O-
ow that QAQ-Qa:=1I axd QH (e, o)A =
o 3
Let s [4) cm[f f‘[x] T RN fs“[u} o)
Lu-L
4ol b L

£ =l L
=V and Yegu-tv.

3 3
L4) +(J-l§-_v\- J-;_-_v) -3 (E\A-‘-EV)(E\A- J-ls-_v)

-f has a saddle pot at (o.0).

%{\ %lo‘oc\\ max
—local wax
1

\:‘lccnl in
|
; >
a b =

we have to lock ot -the \oow\do.na_



En(mm?\e 3.4

Let f(x,ta) ='x|3-1x-3\3 defmed on 'D=f(z.!6)elkz= osxsh , os%szx} .

Remark: D is C.ew\?act n B and -f:'b—ﬂk is_conbinueus , So -f attains  absslute

minimunmaand  maximum ab Some 'FOiWS in D.

f(:t,na)-ma-zx-&a and so V—S('x,ta)=(ta-z,x~'s) .

Y'Y “.8)
Vfcx,(an(o,o) = L) Check : (223)eD o &
H(z,s)=[° ‘] =3 det(HG@ 2N =-l<o D

1 o
f has a saddle 'Fomt at (a.3). = & >

C,is %tven bxa xazlx
C,: ‘(.w:(x«-»,«aeah(t,rb) -fw ogts4

$er = foreo = Feeak) - 20- &6

f.’(‘b\=%-8 , f;@b\>o rj + >3 f;&b\<o lf <y
Ua .2 When  we. 9° alon% C., -fnam (0,0) +*to (4.,8),
(e f is ?bnc\:lx& 'nr\creasiw% -fmm (0,0) to (O.4);
& f is ?br'ic:t\\& decreosiw% -fnam Q.,a) to (4,R);
Foor-0 fau--8 , fa.d-o0
(o.0) o

C,: Y,(ﬂ:(x&),«aea)=(-t,o) -for ostsl

fco = fogeo = feeod -2k fo=a<o

When  we 90 alon% C, —fmm (0,0) %o (o.4), f is s'brictha decreos;w%,

Gy % = Gty () = (4 ) 'gor PEX R

fo = Jor - fa 4= . fios >0

When we ge alovr\% Cy -fmm (4,0) +to (4.8), 5 is s‘bnctlta ir\cneasiw%.

a, §(4,83-o
f(l,’-\-):—g—\
_/,—-E(s,m-_-(,
Global max cf f o . tt s alfaed at (o,0) and W,8)
Global wmax cf f:-g .t s attamed ab 4,0) and 2 4)

32(0,0)=0 f(4,o)=—8



Exqw\\>\e 2.5

Let f(l,(a)t(x-o".;(;a-\)\ deﬁned, on -D={(1.|3)e1€= 1’.*'-3154}
b is the d:Bk CZ,WEQX'EA at (o,0) N\'&\ md;vs 2.

Vf(i.la) - (a&x-0) ,ma-n) . So Vf(x,%u =0 iji CHMERIMI

H(x,«a)t[" Q] . So det(Hu.M:=:450 and %&_(l,0=1>o
o 2

f has a local mwnimuwm  at 1) and f(\,o:o

The bowdana_ cf D s ‘e crle C %wev\ b'a YY) = Qucost , 2sint) -fur Og4<aTl.

f&) z f(\’&.ﬂ = (Acost-1) + Qsint- O -f'(-h) = 4&sint - Lcost

= b-4cost-4sint f’ct) =0
4sint-L4cost =0

tant:=\

<% 5

+ ost<E Tt Fleeawm
Fo - + -
(\2,8)

When  we 9° a.lcm% C.

f is Sbrich\\& 'tv\creasiv% 'f\'bm (ER) 4o B5.-8).

f is s‘bnch\u& dgcreas'\w% -fmm ER-B) o (ER).
f(ﬁ..ﬁ)ze-t&-ﬁ ) fc-n,-ﬁ)ge»fq.ri

&.-R)

f atfains %\o\oa\ max. ab 5,-5) a~d f(-u,-ﬁ)=é+4ﬁ
Com‘Faﬁw% : f(\,l) o0 = 6-45% = -S-(-E,E.)

f atains éio\oa\ min. ak (1,1 and fc\.mo.




Second Devivative.  Clheck —fw- General Cases
Let D be an open subset in R .let 3eD ond let fz"D—-»TR be a c:‘--fmcaon.
Suﬁose. ‘hat Vf@)-o L. A S a S'Etzbwn\da 'Fuwb around  he ‘Fo\ﬂb =2,

O
'§R3~R&\ . f(a) + % 2-2) + L (2-2) HEd @2

- @) + 4 (23 Hed e

AX Jxa DX S

e RSk

2
IAUX, I, =

wheve  H@) = [—éb—ﬁ

¥

]lei.JSY\

5431‘.: .

Fact - H@) is a Samme'br\c mabrix , So there edists an ov‘Hno%oM\ matrix Qe M(R),

(le. @@ =Q@=1) such that
N
QHBR =D+| ™
-

where A, Na, -, An are e.'laev\\la\v\es cf He .

Also . note that G'=Q', so H@ = IDA = ADA

Then. fo) ~ @ + L @2 Had )
- f@ + £ 22 Apaaa
= @ + L RDR where W[ Qua-a)

- @ = L3l

=y

. \% Ai>o -fur all I=sisn , -f atkains a local minimwn ab XA .
. l'% Ni<o -?m- all ls'\sn,f atkains a local moximum ab XA

. othensise . & s a saddle ‘Fbivrt.

Remark. : \% Ni>o -?ov- al 1gisn , H@) is said +s be 'PQSTENQ de?m‘&a ;
l% Ni< o -ﬁo\— all 1gisn , H@) is said s be r\eﬂdb\/e de?vx\'be .




Wridh  Some. \Qrwledje in_linear alﬂeb\rq, we. have

'Prb‘»siﬁcm (3'2
g =k - ri’:‘"—
%— ’

X, -é. éu.,}s:k
et HeEn - : be kxk -suomabrix 6? = (AN
A é'xubx. 2%, %

) H@&) s 'Fos'r’c'we de?w\'&ﬁ < det @) > o -To«- all tskswn

rf k IS even
2) H@) s V\ejahlve de?vx\'ba < detH @) {

< o rfkisadd

(o Q%uivalewb\\a (& \)k detH @) s o 'Yor all 1sksw)

Think : When w2 ,

- H@) is postbive definte < gz,(a) >0 and detHm)>o

o H@ s V\ejq'(:ive_ de?\vx\'be = é(‘&) <o ad detH@)) >o
K s va": theorem 1.2 (Second Devivative Test )




8 Laémn%e_ Hu\'bi]:liers

Let DK be an open subset and let g DR be o Smesth function.

Suppese “that Leiq) = {2ed :ﬁa)gc.} and N ¢ 8 -j’u- all_pomts Re L
L.e't-fﬂR“—-R be a smosth ‘f\md.lov\.

Question : How to -T(vd local  extrema ag -ﬁ restricted on L.ct%) Qe. -f.-LCL%)—a'R) B

Reeall : 'Definr(ﬁm 3.1 gives
-T:LC(%)—a'R attans  (occal maximum (minimum)  at T, r? %

P

there exists open ball B2y such that
fﬁb z-fetb (fcs?g s-fm) -fw all ReB L alag.

Rewark :

—rec}\vﬁ%me. in ~the previous c‘/\aFter maxa not  work .

lf -Y:LC(%)-VR attane  (ocal maximun at = , Tt onl\a means fm;fw -fw all B ALy,
but st fetoz-fm -fw all XLeBJLD) . So we do vt necessav-iha have erchr%.

Theovrem (4.1 (Laémv%e HM\-BFher—)
SuFrose “taat -g- legp =R atains (ocal extrema at 2, . then V-f@h'AV%@:.) For some Aek,
ie. vf(@ 1q% ot lecal extreme points.

(Caution : The converse maiy not be true. ie. even vfetsn\v%w -fw- some Feldg , AeR .
f) may not be a locd extrema )

proot

let Yice =D be a dﬁerew\:-‘aue curve  such Lhat
X lies on L, Yeor:3. and Ytoy is nonzers.

Then -}wcb) atfains  local extrema at t:o , ie.

%L Fo¥e) « o
=Q'

vfc‘«o» Y0

V-fﬁm : Y'(O) =0

‘l‘herefw-e,vf(i) s o ov\al-toevena_vectbr'tav\%ewh'to Lc_(%)atﬁ‘o
and Vf(%) %'Nes a_normal cf L¢_(%) at =,

Vf(%) /i Vg(i’.) LLe. Vfﬁt.) ='>\V%@:.) 'fw' some AeR.




aam‘;hl‘kl

Let -?-AR‘—»k_be_a_fmzﬁm_dgﬁmd WP R P
) ) a ) Q q

Remark: T is vav\’{sact n B

. a
- > ‘-_ = = R : X+

£ ) = Oy, ) Yaex,u) = (3,2
) ' Q d g d d

2% =D —Cd

2

2‘ Ve = AVgep R l
L

> t).za_)\ —C2)
f-&-!é':\ l
2,2
X+ =\ — ()
g

From ), we have ca:?\ or Xz O

e\ i i & AN\ o R /.~ i . o il \ _
ke ol |

£ W\me_laauemm ak (o,x1) atteled at these 'P"\'S
)

2 Ly, 2 2 --Ly,_.. 2 = ~0) =
-f(iff )= -f(inff -2 -Jﬁcon o —J?a: N=o

adlobal max %lobal min 2> 22

(x,‘e,‘fbuaﬁ

where ('x.%S (ies

s_a._‘,o.ca.l_m?m:nammi

N, .

"e ey = "? (e = . i i )
J " ]




Btaw?le 142

Find -the Points) on ~the Surface z . Hug b closest +to the origin.

Let %tﬁ-—ﬂR defined by gory s xysl -2 Then L is te gven suface.

The distance bebueen a pont Gxy.2) and the origin is ALz

"ﬂnerszz , we have to minimize m on “the sw-face. Let.%).

However . 1t s also e%a’uva[ew‘: +o  minimize. -f(x,ca,z) =+ gz

(Technical pointt: The equation zf‘::ué*-tt- cxlwacas has a sclabion for z ne matter low
lav-ge % and Yy ave . So ]e(x,«a,z) LRV has wo %lo‘oa\ maximum .
Also , some araumeats ore needed 4o show tHhe existence csf
%(obc\l Minimum. )

V—?Lx,ta,z) =(>.x,).:a,).z) v%u,.a,zs = (té,x,)z)

[ Ax = .7“6 -
{V—g ('x,ca,z) = %V%(x.ca,z) - ﬁ 23 ~Dx —(2)
z_".vu.a-o-q- Qz =2z —)

L O
Fom ). we hoave A=( or z:o .
Y - "T\—w W and @y, we have ):x:-.a and 2y4=x . So x=y=0.
Bt StEigz0 e N, we haue 2=
- -T may have extreme. wdues at (o,0,.%3)
. l-f 2z0. from &), xyz-le.
W= , we %et L"“a’)""‘a
Nk C: waz-L\-éo)
D=2

. lﬁ 7\=').,"fn>w\ W, we  have xay

Put v inko Xca=—'+ and we con see C=-4 has no Solution.

. If 7\=-1,‘f\"§m W, we  have B
Put e nto xq=-t and we have =4 and So wx=2> . Then YeF2.
" -T macy have extreme. vdues ak (£ ,F>.0) .

'f(o,o,t).\t‘\- , -f(:n.,;n,o): b4

%lo)oal min 22




f(a,o,:mz 4, Fxa ¥3.00=&

%‘obal wmin 22
(Saddle poit in -fact)

Laam»%e_ Hu\-EiFhers wrthh  More  Consbminks
Let f,%,,%,: R'->R be Smocth ‘fw«@ov\s-

SMPFuse “dhat Lci(%'.):{’ie'b:%;&):c{i and V%‘(i);!'é —gw all 'Po'M'Es ?e\_c,(%ﬂ ,‘fbv- T=1.2.
Question : How to —ﬁ(vd local extrema cf -? restricted on LQ,(%.) r\\_c‘(%;) >

Assume. V@.(i) is nst 'Pomalle,l “+o V%,_(’?_\ o all e LQ'(%‘\ h\_ct(%,) )
Letao

(-1 -dim

Nete : V3. and V%,_ are nerwmal to Lc_‘(%.) h\_c‘(%,).
'Tlr\erefere; - ong vecthr norwmal to

LC.(%O h\_c‘(%,) 18 :\vst lnear combination

cf Vg. and V%;

’
Lc.cgo 3 Lq(ag l_c,cc&s

(n-2) - dim n-D-dim

Let ¥ be a smosth cu~e on Lc.(%.)nLq(ﬁo such Haat Yor:=2 and Y(o) s nomzerc.
l-f -}(Yc-b) attains  local extrema ot 3 = Y©) , Hhein

fGL j(‘(c‘a) .o

vfcmm Yo =0

V'EGU Y@= 0

_l'kerefore . Vf(%) s orﬁne%ev\a( o eveny vectne “tangent o Lc.L%.)nLq(%Q at 2,
ard So Vf(%) S nomal to Lc.c%.)nchca,),

Vfw s _a lnear~ cowbination o§ Vg and V%,Gm ,
ie. V§&3='7\V%|(5:\+/.AV%,§%\ —for Some. %,/Ae'lk.




Emele %3

Let -§=TR3—->'R ke a 'fw\cbov\ de?ne.d. ba -gtz.-&.z)='£+lsa-z"

Bnd  local extrema crf -f vestricted on the lne L de?ivxed \33 {lx-laﬂ) .

|6+Z=0

P«cb«alha . L s the wkersection cf o Flanes :

Let 3.(1.(6.2)= 11-«3 and %;(x,vd,z)e y+z ,then L - Lg(ﬁ.) a Lg(%;\ .

Y (=x.1,2) : (2,2 ,=-22) Ya,u,25=(2,-1,0) Ng. % ,4.,2) = (o, 1, 1)
e i A
liv\ear\ua 'mdqyawde«\:
[ D% =2 —C0
T u.2) = AVqg, Ly 2) + mVa, tn.2) A=-Ax —(2)
Bha QgD p Ty #
11-16 = O =222 A — @)
.6...2:0 '):AL-\a_zo — @
k[a_-i.z_ro —(5)
ise - >4 2 -2
Exe:rc\se.x%- ‘3 -3,7\3,//\
- f(—’g% =24 is a local extreme powt. Cn —?G\CE, tt 8 a local maximumnm. )

Exercise : Show tHaagk L is %ive.v\ 56 Yoy =k, 2k, ->k) ‘?b\r‘ +teR.

The obove %U\esﬁon becomes ‘fhr\dina exbrema cﬁ —ft‘cec» e -3Ecat



